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1. Introduction 

Consider the class of equations 



Lu = £ 



,d 2 u 
dxj 



du 

dx; 



■ Ku = 0, 



(1) 



where k, OS* (i = 1,2, . . . ,n) are real parameters, p (> 0) is a real constant and r is defined 
by 



r p =x{- 



(2) 



The domain of the operator L is the set of all real-valued functions u(x) of the class 
C 2 (D), where x = (x\ 7 X2, . . . ,x„) denotes points in R" and D is the regularity domain 
of u in R n . Note that (1) includes the Laplace equation and an equidimensional (Euler) 
equation as special cases. 

In |fl~) and (2), Altin studied radial type solutions of a class of singular partial differential 
equations of even order and obtained Lord Kelvin principle for this class of equations. 

In 0, all radial type solutions of eq. (1) are obtained by showing that for all solutions 
of the form u = f{r m ) 1 f G C 2 , the function / satisfies 

f(r m )=r a ", 
where c is a root of the equation 



2 2 

m c 



-p+n{p-l)+Yj<Xi c + X = 0. 
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In 14161 , Ozalp and (^etinkaya obtained expansion formulas and Kelvin principle for 
the iterates of eq. (1). Lyakhov and Ryzhkov [3) obtained Almansi's expansions for 
B-polyharmonic equation i.e. obtained the solutions of the equation 

Aj/ = 0, 

where 

j=l i=n+l aX i X l OX J 

In this paper, as a continuation of |4|, we consider the class of equations 

(^Ljju=(L k ^...L^)u = 0, (3) 

where q, k\,...,k q are positive integers, A/, (X> (j = 1 , 2, . . . , q; i = 1 ,2, . . . ,n) are real 
constants, 



2 d 2 (j) d 
X 'dxj +CC ' Xi d7, 



and the operator Lj denotes, as usual, the successive applications of the operator Lj onto 
itself, that is Lj J u = Lj {L- u). 



2. Solutions for the iterated equation 

We first give some properties of the operator Lj (see [4 5 1). By direct computation, it can 
be shown that 

Lj(S")=Pj(m)r, (4) 

where 

Pj(m) = [m(m + 2<j)j)+lj} (5) 

and 

2t J = -p + n(p-l)+f i aP. (6) 

i=\ 

The proof of the following lemma can be done easily by using induction argument on 
kj. For a special case of the lemma, see 0. 

Lemma 1 . For any real parameter m, 

L) i (r m ) = pf(m)r m , 
where the integer kj is the iteration number. 
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By the linearity of the operators Lj and by Lemma 1, we have the following result. 
Lemma 2. 



(7) 



The following theorem, states a class of solutions for the iterated equations which is 
our main result. 

Theorem 1. The function defined by 



u = £ £ [A, r^^'+B, r -Vtf-VI ( lnr ) 

vG/i /=0 



EE 

ve/ 2 /=() 



Qcos WA v -0 v 2 lnr +D ; sin a / Ay lnr 



(lnr)' 



2fc v -l 

£ £ £,r-^(lnr)' 

vG/ 3 /=0 



(8) 



is f/ze r m fy/?e solution of the iterated equation (3). //ere, A/,/?;, Q,D/,£; are arbitrary 
constants, V is as given in (6) anc/ we divide the index set I = { v = 1, 2, . . . , ;nfo f/zree 
parfs: 

/i = {ve/; v 2 -Av>O}, 
/ 2 = {ve/; ^ v 2 -Av<0}, 
/ 3 = {ve/; v 2 -Av = O}. 
Proof. For any v e /, we can rewrite (7) as 



nvj(o 



^(m)n/37'H 



or simply 



(9) 



Here, we let F(m) = I f] Pj J ( m ) I Now, since 



v./=i 
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by taking the derivative with respect to m on both sides of (9), we get 

= ^- l (m){k v ^(m)F(m)+l5 v (m)F'(m)} 

or simply 

(ft^) (rffllnr) = ( 10 ) 

Here, we set 

@i (m) =k v pl(m)F(m)+p v {m)F'(m). 



Now, by taking the derivative with respect to m on both sides of (10), we obtain 
^nL^(r'"(lnr) 2 )=^- 2 H® 2 (m), 

where 

2 (m) = (Jfcv- l)/3;(m)0i(m)+j3 v (m)0' 1 (m). 

In a similar fashion, taking the successive derivatives k v — 1 times, with respect to m on 
both sides of (9), we finally obtain 

(fifi*) (r m (}nr) k *- 1 ) = /3 v (m)0, v _i (m). (11) 

Here, 

0* v _i(m) - 2/J>)0 jfcv _ 2 (m) + /3 v (m)0^_ 2 (m). 
Since the roots of the equation 

J3 v (m) = m(m + 2</> v ) + A,, = 

are 
and 



we conclude from (11) that the functions 

r m "(lnr)' (i = l,2; / = 0, 1, . . . ,k v - 1) 
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are all solutions of eq. (3). Thus, since the equation is linear, by the superposition princi- 
ple, the function 

q kv-i r (n ( 2 ) i 

£ £ A,r ffl " +B I f*" (lnr)' (12) 

v=l Z=0 ^ J 

is also a solution of (3). 

We have three cases for the roots: 

Case 1. If v e /i, then m v ^ and m v 2 ' are both real. In this case, from (12), the function 



E 

ve/i /=o 

is a real-valued solution of (3). 



Case 2. If v e /2, then m v ^ and m[ 2 ' are both complex and conjugate. In this case, from 
(12), the function 

£ £ r~* |q cos (j/Xy-tfinr^j +D,sm ^ A„ - </> v 2 In ^ J (lnr)' 



(14) 



satisfies (3). Here, we use the Euler formula 



= cos Ay — ^lnrj ± z'sin Ay — ^lnr 
and C/ =Ai+Bj, Di = i{A\ —B{) and z = \/^T as usual. 

Case 3. Finally, if v € /3, then = m v 2 ' = — <p v is a multiple root. Thus, from (12), the 
function 

£ £ 1 {£ / /' ) }(lnr) z 

veh 1=0 

is a solution of (3). Now, from (9), since we have 



264 



A Qetinkaya and N Ozalp 



by taking the derivatives 2k v — 1 times, with respect to m, on both sides of the above 
equality and letting m — mi , we obtain 



\U^j (A\\n(r)) l )=0, Z = 0,l,...,2fc v -1. 



Hence, we conclude that the function 

2k v -l 

£ £ E ir -^{\nr) 1 

vei 3 1=0 



(15) 



satisfies (3). 

Summing up the above three cases with the superposition principle we get (8), which 
proves the theorem. 

3. General solution for the iterated Euler equations 

In this section, we state the general solution of the iterated Euler equations. In |5), for the 
Euler equation 

2 d 2 M du . 

Eu=^x — =■ + OCX hAM = 0, 

dx z dx 

the general solutions for the iterated equations E k u = are given for any integer k, where 
a and X are arbitrary constants. Now consider the Euler equations 



E v u = x l 



i d u 



du 

0£,,x- — h AvU = 0, 

dx 



where a v and Ay (v = 1,2, ... ,q) are arbitrary constants. 

The following result gives the general solutions of the iterated Euler equations. 

Theorem 2. The general solution of the iterated Euler equations 



veh i=o 

ky-l 

-EL*' 

rt/ 2 /=() 



u = £ £ aT* \a, x^F^'+B, r-^^A (lnx) 



Q cos J ky—$ lnx +Di sin J ky—ffi lnx 



(lnx)' 



2k v -\ 

£ £ El x-*> (lnx)<. 
ve/ 3 /=0 



Proof. In Theorem 1, by letting n= \ . and hence letting r = x\ = x, a{ v ^ = a,,, we obtain 
the result for <j> v = A(— 1 + a,,). 



Iterated singular equations 



265 



References 

[1] Altin A, Solutions of type r™ for a class of singular equations, Internat. J. Math, and 

Math. Sci. 5(3) (1982) 613-619 
[2] Altin A, Some expansion formulas for a class of singular partial differential equations, 

Proc. Am. Math. Soc. 85(1) (1982) 42^16 
[3] Lyakhov L N and Ryzhkov A V, Solutions of the B-polyharmonic equation, Differential 

Equations 36(10) (2000) 1507-1511, translated from Differetsial 'nye Uravneniya 36(10) 

(2000) 1365-1368 

[4] Ozalp N and Q etinkaya A, Radial solutions of a class of iterated partial differential equa- 
tions, Czechoslovak Math. J. 55(130) (2005) 531-541 

[5] Ozalp N, r m -type solutions for a class of partial differential equations, Commun. Fac. Sci. 
Univ. Ant Series Al 49 (2001) 95-100 

[6] Ozalp N and Qetinkaya A, Expansion formulas and Kelvin principle for a class of partial 
differential equations, Math. Balkanica (NS) 15(3-4) (2001) 219-226 



